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What is ACCORDS?

ACCORDS is a ‘one-stop shop’ for pragmatic research:

• A multi-disciplinary, collaborative research environment to 

catalyze innovative and impactful research

• Strong methodological cores and programs, led by national 

experts

• Consultations & team-building for grant proposals

• Mentorship, training & support for junior faculty

• Extensive educational offerings, both locally and nationally

Adult and Child Center for Outcomes Research and Delivery Science

https://medschool.cuanschutz.edu/accords
https://twitter.com/accordsresearch
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ACCORDS Upcoming Events

February 7, 2024

Bushnell Auditorium, 

Zoom

Ethics, Challenges, & Messy Decisions in Shared Decision Making

Financial Toxicity and the Importance of Cost Discussions During Shared Decision Making

Presented by: Mary Politi, PhD (Washington University in St. Louis)

February 26, 2024

Zoom

Statistical Methods for Pragmatic Research

Latent Class Analysis: Assumptions and Extensions

Presented by: Rashelle Musci, PhD (Johns Hopkins Bloomberg School of Public Health)

March 6, 2024

Bushnell Auditorium, 

Zoom

Ethics, Challenges, & Messy Decisions in Shared Decision Making

Health Equity and Shared Decision Making

Presented by: Channing Tate, PhD, MPH; Demetria Bolden, PhD, MBA; Lucinda Kohn, MD, 

MHS, Miria Kano, PhD

March 11, 2024

AHSB 2200/2201, 

Zoom

Statistical Methods for Pragmatic Research

Pragmatic Statistical Learning: From Data to Interpretable Insights

Presented by: Ryan Peterson, PhD & Kathryn Colborn, PhD

*all times 12-1pm MT unless otherwise noted

https://medschool.cuanschutz.edu/accords
https://twitter.com/accordsresearch


Innovations in Pragmatic 

Research Methods

June 5 - 6, 2024 | 10am-3pm MT

From Data to Equity, Policy, and Sustainability

Registration is open now 

at www.COPRHCon.com

http://www.coprhcon.com/
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Statistical Methods for Pragmatic Research Seminar Series
2023-2024 seminar series

Missing Data and 

Multiple Imputation

Jun Ying, PhD

https://medschool.cuanschutz.edu/accords
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Background

▪ Early work (1920’s - 1970’s)
▪ Karl Pearson, Ronald Aylmer Fisher, Egon Pearson  

▪ Imbalanced sample size due to incomplete data

▪ Theoretical development 
▪ Rubin 1976, Dempster 1977, Rubin 1987, and Little and Rubin 1987

▪ Missing data as a field of research in statistics

▪ Application in clinical trials
▪ EMA (European Medicines Agency) 2009

▪ Guideline on missing data in confirmatory clinical trials

▪ NAS (National Academy of Sciences) 2010 
▪ The prevention and treatment of missing data in clinical trials

▪ FDA initiated and supported

▪ Also published in NEJM 2012 Little et al

▪ PCORI (Patient-Centered Outcomes Research Institute) 2012
▪ Minimal Standards in Prevention and Handling of Missing Data in Observational and 

Experimental Patient Centered Outcomes Research



Background

• Roderick J. Little, Professor of 

Biostatistics, University of Michigan
– Little, R.J.A., & Rubin, D.B. (1987). Statistical 

Analysis with Missing Data. New York: John 

Wiley & Sons

– Little, R.J.A. (1988). A test of missing 

completely at random for multivariate data 

with missing values. Journal of the American 

Statistical Association, 83, 1198-1202.

• Donald B. Rubin, Professor of 

Statistics, Harvard University
– Rubin, D.B. (1976). Inference and missing 

data. Biometrika, 63, 581-592.

– Rubin, D.B. (1987). Multiple Imputation for 

Nonresponse in Surveys. New York: John 

Wiley & Sons.



0

1000

2000

3000

4000

5000

6000

7000

8000

1900 1920 1940 1960 1980 2000 2020 2040

PubMed publications
Key Words

# of Publications 

in 2023

Casual Inference 20
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Definition 

▪ Missing data (or missing values) is defined as 

the data value that is not stored for a variable in 

the observation of interest. 

▪ Graham JW. Missing data analysis: making it work in 

the real world. Annu Rev Psychol. 2009;60:549–576

▪ Missing data does not refer to: 

▪ Observations with no data (missing observations) 

▪ Unobserved and/or unobservable variables 



Definition

ID Y1 Y2 Y3

1 X X X

2 X X

3 X X X

4 X X

5 X X

6 X X X

7 X X X

ID Y1 Y2 Y3

1 X X X

2 X X X

3

4 X X X

5 X X X

6 X X X

7 X X X

ID Y1 Y2 Y3

1 X X

2 X X

3 X X

4 X X

5 X X

6 X X

7 X X

  ☺



Sources of Missing Data

▪ Clinical trials and longitudinal cohort studies
▪ Missed appointments/follow-up visits

▪ Dropout from study

▪ Survey Questionnaires and Instruments
▪ Item non-response 

▪ lack of knowledge required to answer question

▪ question sensitive in nature or intrusive

▪ burden on subject

▪ Structural “missing” data

▪ Voting preferences for ineligible voters

▪ Others
▪ Technical problems (equipment failure)

12



Patterns of Missing Data
▪ Pattern: Configuration of observed and missing values in the data set

13

Monotone Pattern

Y1 Y2 Y3 Y4

X X X X

X X X X

X X X X

X X X .

X X . .

X . . .

Unit Non-Response Pattern

Y1 Y2 Y3 Y4

X X X X

X X X X

X X X X

X X X X

X X . .

X X . .

General Pattern

Y1 Y2 Y3 Y4

X X X .

X . X X

X X . X

. X X X

. X X X

X X . X

Planned Pattern

Y1 Y2 Y3 Y4

X . X X

X . X X

X X . X

X X . X

X X X .

X X X .



Mechanisms (Types) of Missing Data

▪ Missing at Random (MAR)
▪ The probability of missing data on a variable Y is related to the observed components 

of Y (Yo) and other observed variables.

▪ P(R|Yo)

▪ Missing Completely at Random (MCAR)
▪ The probability of missing data on a variable Y is not related any observed variables 

including itself.

▪ P(R|.)

▪ Missing Not at Random (MNAR)
▪ The probability of missing data on a variable Y is related to the missing components of 

Y (Ym).

▪ P(R|Ym)

14



Mechanisms (Types) of Missing Data

Full Data

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 14

16 14

16 18

MCAR

Pr(R|.)

X Y R

4 9 0

6 19 0

7 1

8 6 0

9 1

9 11 0

10 12 0

14 14 0

14 16 0

15 14 0

16 14 0

16 1

MAR

P(R|X, Y0)

X Y R

4 9 0

6 19 0

7 14 0

8 6 0

9 7 0

9 11 0

10 12 0

14 14 0

14 16 0

15 1

16 1

16 1

MNAR

P(R|Ym)

X Y R

4 9 0

6 1

7 14 0

8 6 0

9 7 0

9 11 0

10 12 0

14 14 0

14 1

15 14 0

16 14 0

16 1



Consequences due to missing 

data

▪ Biased results

▪ Loss of power

▪ Complication in data handling, computation 
and analysis. 

16



Mechanisms (Types) of Missing Data

Full Data

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 14

16 14

16 18

MCAR

Pr(R|.)

X Y R

4 9 0

6 19 0

7 1

8 6 0

9 1

9 11 0

10 12 0

14 14 0

14 16 0

15 14 0

16 14 0

16 1

MAR

P(R|X, Y0)

X Y R

4 9 9

6 19 19

7 14 14

8 6 0

9 7 0

9 11 0

10 12 0

14 14 0

14 16 0

15 1

16 1

16 1

MNAR

P(R|Ym)

X Y R

4 9 0

6 1

7 14 0

8 6 0

9 7 0

9 11 0

10 12 0

14 14 0

14 1

15 14 0

16 14 0

16 1

Full Data MCAR MAR MNAR

ഥ𝒀 12.83 12.78 12 11.22



Preventing Missing Data

Source: Little RJ, et al. The Prevention and Treatment of Missing Data in Clinical Trials. NEJM 

36(14):1355-60 (2012)
18



Preventing Missing Data

Source: Little RJ, et al. The Prevention and Treatment of Missing Data in Clinical Trials. NEJM 

36(14):1355-60 (2012)
19



Diagnose of Missing Data Mechanisms

▪ Little’s MCAR test and T-tests can be used to test if the 
data is MCAR or not.

▪ There is no statistical test to tell the difference between 
MAR and MNAR.

20



RY X Z

Mean Std Dev Mean Std Dev

0 111.50 9.70 11.44 2.60

1 87.89 5.78 8.57 4.04

T score 6.35 1.73

P value <.0001 0.11

Diagnose of Missing Data Mechanisms: T-Test

X Z Y RY

78 13 1

84 9 1

84 10 1

85 10 1

87 1

91 3 1

92 12 1

94 3 1

94 13 1

96 1

99 6 7 0

105 12 10 0

105 14 11 0

106 10 15 0

108 10 0

112 10 10 0

113 14 12 0

115 14 14 0

118 12 16 0

134 11 12 0



Diagnose of Missing Data Mechanisms: Little’s MCAR test

Little’s MCAR test:

▪ Di
2= the distance between a 

pattern “center” i and the global 

“center”;

▪ D2 = the sum of all distances Di
2

▪ D2 ~ Chisq Distribution 

D2 = 14.63, df=5, P-value = 0.01

X Z Y Pattern

78 13 2

84 9 2

84 10 2

85 10 2

87 1

91 3 2

92 12 2

94 3 2

94 13 2

96 1

99 6 7 4

105 12 10 4

105 14 11 4

106 10 15 4

108 10 3

112 10 10 4

113 14 12 4

115 14 14 4

118 12 16 4

134 11 12 4



Missing Data Treatments

▪ Traditional Methods 

▪Deleting Cases

▪ Imputation Methods

▪ Contemporary Methods

▪Maximum Likelihood Estimation (MLE) 

Methods

▪Multiple Imputation (MI) Methods 

▪Bayesian Method
23



Traditional Methods

▪ Case Deletion
▪ Listwise

▪ Pairwise

▪ Single Imputation
▪ Mean Imputation

▪ Regression (Expected Value) Imputation

▪ Stochastic Regression Imputation

▪ Hot Deck

▪ Similar Response Pattern Imputation

▪ Average of Available Items

▪ Last Observation Carried Forward

24



Traditional Methods: Case Deletion

25

ID Y1 Y2 Y3 Y4

1 X X X .

2 X . X X

3 X X . X

4 X X X X

5 X X X X

6 X X X. X

ID Y1 Y2 Y3 Y4

4 X X X X

5 X X X X

6 X X X. X

ID Y1 Y2 Y3 Y4

1 X X X .

2 X . X X

3 X X . X

4 X X X X

5 X X X X

6 X X X. X

ID Y1 Y2

1 X X

3 X X

4 X X

5 X X

6 X X

ID Y1 Y3

1 X X

2 X X

4 X X

5 X X

6 X X.

Listwise Pairwise

ID Y3 Y4

2 X X

4 X X

5 X X

6 X. X



Traditional Methods: Case Deletion

▪ Possibly Biased

▪ Reduced Power

▪ Inconsistent Results

26



Traditional Methods: Mean Imputation

Full Data

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 14

16 14

16 18

Full Data MAR Imputed

ഥ𝒀 12.83 12 12

Std 4.04 4.24 3.62

MAR

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 .

16 .

16 .

Imputed

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 12

16 12

16 12



Traditional Methods: Regression Imputation

Full Data MAR Imputed2

ഥ𝒀 12.83 12 12.48

Std 4.04 4.24 3.72

MAR

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 .

16 .

16 .

Imputed2

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 13.74

16 14.02

16 14.02

0

2

4

6

8

10

12

14

16

18

20

0 2 4 6 8 10 12 14 16 1 8

Y=9.4 + 0.289 X



Contemporary Methods: MLE

▪ (Traditional) Maximum Likelihood Method 

▪ Available in most software packages

▪ Using listwise deletion for missing data

▪ Unbiased only under MCAR

▪ Some packages used to handle MAR under special conditions (such 
as longitudinal data or clustered data)

▪ FIML (full information maximum likelihood) method

▪ Considered a “gold standard” MLE method

▪ Performed well under MAR, or MCAR

▪ Widely available in structure question model (SEM) software 
packages
▪ MPLUS, LISREL, SAS Calis, SPSS, R lavaan

▪ EM Algorithm

▪ Performed well under MAR, or MCAR

▪ Available in most SEM software packages

29



MLE Method

▪ Traditional MLE uses listwise deletion of missing data

▪ Unbiased if MCAR, otherwise not.

30

MCAR

Pr(R|.)

X Y

4 9

6 19

7

8 6

9

9 11

10 12

14 14

14 16

15 14

16 14

16

MCAR

Pr(R|.)

X Y

4 9

6 19

7

8 6

9

9 11

10 12

14 14

14 16

15 14

16 14

16



FIML
▪ MLE computed from both full cases and incomplete 

cases

▪ Performed well under MAR, or MCAR

31

Mean of X=10.67

Mean of Y = 11.5

X Y LL

4 9 -6.08

6 19 -7.39

7 14 -5.37

8 6 -5.58

9 7 -5.23

9 11 -4.74

10 12 -4.67

14 14 -5.09

14 16 -5.42

15 -2.92

16 -3.23

16 -3.23

X Y LL

10.66667 11.5 -58.9589

10.66667 12 -58.8055

10.66667 12.5 -58.7819

10.66667 13 -58.8881

11 11.5 -59.0201

11 12 -58.849

11 12.5 -58.8077

11 13 -58.8962



EM Algorithm
▪ E Step: Fill the missing cells with expected values 

▪ M Step: Estimate MLE under the “full data”, and calculate the LL

▪ Iterate the steps until no more improvement of LL.

32

E-step #1

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 10

16 10

16 10

M-step #1

Mean 

Y -2LL

11.5 63.4

E-step #2

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 11.41

16 11.39

16 11.39

M-step #2

Mean 

Y -2LL

11.8 62.7

E-step #3

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 12.23

16 12.32

16 12.32

M-step #3

Mean 

Y -2LL

12.1 62.5

E-step #4

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 12.76

16 12.92

16 12.92



MLE Example

Stats Full Data FIML EM MLE 

(listwise)

Mean of 

Y

12.83 12.48 12.48 12

MAR

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15

16

16



Contemporary Methods: MI

▪ First proposed by Rubin (1977) and elaborated in his (1987) 
book

▪ Assuming MAR

▪ Available in many software packages:

▪ SAS MI, R Mice (Amelia, missForest, mi), MPLUS, SPSS 

▪ Three Phase Approach:
▪ Imputation: Impute missing values using an appropriate model that incorporates 

random variation. Do this M times producing M “complete” data sets. 

▪ Analysis: Estimate the unknown parameter i (e.g. mean, slope) and its standard 
error SE(i) on each data set using standard complete-data methods 

▪ Pooling: combine estimations from all datasets to find the final or pooled estimates of 
unknow parameters.

• 𝜃∗ =
σ𝑖=1
𝑀 𝜃𝑖

𝑀

• 𝑆𝑒 𝜃∗ = 𝑉 𝜃∗ = 𝑉𝑊 +
𝑀+1

𝑀
𝑉𝐵

• Where 𝑉𝑊 =
1

𝑀
σ𝑖=1
𝑀 𝑆𝑒(𝜃𝑖)

2, and 𝑉𝐵 =
1

𝑀−1
σ𝑖=1
𝑀 𝜃𝑖 − 𝜃∗ 2

34



Imputation Method: FCS

▪ FCS (Fully conditional specification)

Example:

𝑌4 = 𝛼4 + 𝛽41𝑌1 + 𝛽42𝑌2 + 𝛽43𝑌3
𝑌3 = 𝛼3 + 𝛽31𝑌1 + 𝛽32𝑌2
𝑌2 = 𝛼2 + 𝛽21𝑌1
𝑌1 = 𝛼1 + 𝛽11𝑌4

General Pattern

Y1 Y2 Y3 Y4

X X X .

X . X X

X X . X

. X X X

. X X X

X X . X



Imputation Method: MCMC

▪ MCMC (Bayesian Markov chain Monte Carlo)

Example:

1. Likelihood function: 

𝑌~ 𝑀𝑉𝑁 𝜇, Σ

2. Prior distribution: 

𝜇~𝑀𝑉𝑁 𝜇0, Σ0
Σ~𝑊−1 𝑃0, Λ0

3. Posterior distribution: 

𝜇|. ~ 𝑀𝑉𝑁 𝜇∗, Σ∗

Σ|.~ 𝑊−1 𝑃∗, Λ∗

𝑌𝑚~𝑀𝑉𝑁 𝜇 . , Σ

General Pattern

Y1 Y2 Y3 Y4

X X X .

X . X X

X X . X

. X X X

. X X X

X X . X



Imputation Method: Monotone

• Monotone (e.g. dropout in longitudinal 

studies)

Example:

Step1: Y1 → Y2

Step2: Y1, Y2 → Y3

Step3: Y1, Y2, Y3 → Y4

Monotone Pattern

Y1 Y2 Y3 Y4

X X X X

X X X X

X X X X

X X X .

X X . .

X . . .



MI Example (using FCS)

MAR

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15

16

16

MI #5

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 12.3

16 17.5

16 11.7

MI #4

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 27.4

16 13.6

16 20.6

MI #3

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 14.8

16 11.5

16 7.8

MI #1

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 16.4

16 16.1

16 15.9

MI #2

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15 17.2

16 11.5

16 20.7

Stats MI #1 MI #2 MI #3 MI #4 MI #5 Pooled

Mean 13.03 13.12 11.84 14.13 12.46 12.92

SE 1.18 1.33 1.13 1.75 1.14 1.62



MI Example

Stats Full Data MI (FCS) MI 

(MCMC)

FIML EM MLE 

(listwise)

Mean of 

Y

12.83 12.92 12.78 12.48 12.48 12

MAR

X Y

4 9

6 19

7 14

8 6

9 7

9 11

10 12

14 14

14 16

15

16

16



PMM (Pattern Mixture Model)

▪ Used to handle MNAR data

▪ Procedures:

▪ Find patterns of missing data

▪ Estimate unknown parameters (such as mean, slope, etc) within 

the pattern

▪ Obtain a pooled estimate from pattern level estimates and 

weighted by distributions of the patterns

40



PMM Example

MNAR

X Y R

4 9 0

6 1

7 14 0

8 6 0

9 7 0

9 11 0

10 12 0

14 14 0

14 1

15 14 0

16 14 0

16 1

MNAR

X Y R

4 9 0

7 14 0

8 6 0

9 7 0

9 11 0

10 12 0

14 14 0

15 14 0

16 14 0

0

2

4

6

8

10

12

14

16

0 5 10 15 20

y = 6.29 + 0.48x

MNAR

X Y R

6 9.18 1

14 13.05 1

16 14.01 1

Stats R=0 R=1 Pooled

Mean of Y 11.22 12.08 11.44
=11.22x75%+12.08x25%



MNAR Example

Stats Full Data PMM MI (FCS) FIML MLE 

(listwise)

Mean of 

Y

12.83 11.58 11.68 11.44 11.22

MNAR

X Y R

4 9 0

6 1

7 14 0

8 6 0

9 7 0

9 11 0

10 12 0

14 14 0

14 1

15 14 0

16 14 0

16 1



Sensitivity Analysis

▪ In practice, one can not tell the difference between MAR 
and MNAR data.

▪ MI or MLE methods perform well under MAR but not 
MNAR.

▪ To reduce the risk of biasness due to misidentifying the 
missing mechanism, one should consider sensitivity 
analysis.

▪ Rubin (1987) suggested to inflate (deflate) the imputed 
values by 20%.

▪ The idea is to inspect if the findings still hold under some 
“extreme” conditions.

▪ Similarly, in analyses based upon MCAR assumption, 
one needs to consider a sensitivity analysis under MAR.

43



Sensitivity Analysis Example

MNAR

X Y

4 9

6

7 14

8 6

9 7

9 11

10 12

14 14

14

15 14

16 14

16

Stats Full 

Data

MLE PMM Sensitivity 

(20% inflation)

Mean of 

Y

12.83 11.22 11.44 12.04

PMM

X Y

4 9

6 9.18

7 14

8 6

9 7

9 11

10 12

14 14

14 13.05

15 14

16 14

16 14.01

20% 

Inflation

X Y

4 9

6 11.02

7 14

8 6

9 7

9 11

10 12

14 14

14 15.65

15 14

16 14

16 16.81



Summary

▪ Missing data problems exist in many studies including clinical trials, 

observational studies and survey studies.

▪ Ignoring missing data could cause biased results

▪ Mishandling missing data could also have the consequences of 

biasness and inflated Type I error.

▪ Multiple imputation is currently the most widely used method in 

handling missing data problems.

▪ Still, since there is no gold standard in this research area, one should 

always be careful to choose appropriate methods, and use a 

sensitivity analysis to check the robustness of findings. 
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